First, the beam circulates continuously through the wiggler field resulting in a long effective interaction region. Second, because of the recirculation of the growing electromagnetic wave, the device provides its own internal feedback and is in essence an oscillator rather than an amplifier, as is the case in linear FEL's. Third, because the electron motion is primarily circular, the system is very compact. Lastly, theory"'" 2 indicates that a circular FEL can have a much larger bandwidth than a corresponding linear version.
In our previous theoretical article'" we assumed that the rotating beam has no axial drift velocity and the coaxial waveguide was under cutoff conditions.
In fact, some drift velocity always exists in the experiments, and, as we will
show, this affects considerably the operation of the FEL.
In this paper we remove the above two assumptions. Besides, because of the energy spread of the rotating beam, the electrons occupy different radii in the uniform guiding magnetic field. Therefore, we also remove the assumption of the infinitely thin beam of the previous paper' 0 and let the beam have finite but very small thickness. The instability analysis is based on the linearized Vlasov-Maxwell equations for perturbations about a self-consistent beam equilibrium. Section II contains a description of the configuration, and an analysis of the beam dynamics. Section III contains the derivation of the dispersion relations for the transverse magnetic (TM ) modes excited by the electron ring confined in a coaxial waveguide system. In Sec. IV we present examples of computer generated solutions of the dispersion equations, and finally Sec. V contains a discussion of the results.
We will show that growing electromagnetic fields occur near frequencies corresponding to the crossing points of the TM waveguide modes, w2= c 2 k2+-w(Z,m), and the beam modes w=v k +(z+N)o , where Wc is the waveguide cutoff frequency, 2 is the electron cyclotron frequency, k,, is the wavenumber of the electromagnetic waves along the axis, vi, is the axial drifting velocity of electrons, and N is the number of wiggler periods around the circumference.
II. ELECTRON MOTION AND EQUILIBRIUM DISTRIBUTION IN THE GUIDE AND WIGGLER FIELDS
In our model, an annular electron ring of finite but very small thickness rotates within the gap formed by two concentric grounded metal cylinders of radii a and b, as is illustrated in Fig. 1 . The two cylinders form a coaxial waveguide. The electron ring is confined by a uniform axial magnetic field B,,z directed along the waveguide axis.
Superimposed on the axial magnetic field B,,i is an azimuthally periodic wiggler field 9w ( Fig. 1) To simplify computations we shall assume henceforth that the center of the electron ring is at a radius which coincides exactly (ornearly so) with the radius Ro=(a N-1b N+11/(2N) discussed above. Under these conditions the 6 component of 9w can be neglected, and 9w of Eq. (1) becomes
We shall now assume a sufficiently weak pump field such that
Here n weB / He w ow/mcyo is the cyclotron frequency associated with the wiggler field and Ql=eB,/mocyO is the cyclotron frequency associated with the axialguide field. Another assumption is that the electron beam is tenuous with negligibly small equilibrium self fields. Subject to these assumptions the motion of electrons in the absence of RF fields is characterized by four singleparticle constants of the motion. These are In the derivation we have assumed that the axial velocity is small compared with the azimuthal velocity so that,
The TM-mode stability analysis in the next section is carried out for perturbations about the self-consistent equilibrium distribution given by
where PO= (e/2c)B 11 (R2+az), v =v +R2Q2, n is the density of electrons, A is the momentum spread, and 2a, is the thickness of the electron ring assumed to be sufficiently thin so that, R>>a.
The parameter
is the Heaviside step function.
It readily follows that the radial, azimuthal, and axial momenta of the beam electrons averaged over the entire distribution of momenta, are
Moreover, it can be shown from Eqs. (3), (5), responds to a sharp-boundary equilibrium with
given by
Here, the half thickness of the electron ring
and (6) that fl(P,Cz'Ce'Pr) cora density profile nO(r)=fd 3 Pfl
is defined by
(10)
The equations of motion for an electron moving in the wiggler field described by Eq. (2) and the axial-guide field B*0z are given by
Letting T= t'-t and solving Eqs. (11), we obtain,
and, (13) r (3 rl = r When t'=t, the electron trajectory ( ',P') passes through the phase space point (i ,P), that is, v'=O, v =v 8 , v'=vz, e'=e, r'=r, z'=z.
III. DISPERSION RELATIONS
In the case of a very tenuous electron ring where all DC and RF space charge fields are neglected (which is the assumption made in this and our earlier 1 " paper), the coaxial waveguide modes can be approximated by the unperturbed vacuum transverse electric (TE) and transverse magnetic (TM) modes.
Moreover, in this limit the z-directed oscillatory motion caused by the wiggler and given by Eqs. (12) and (13) does not couple to the TE family of modes. Thus, the negative mass instability 10 and the synchronous mode instability' 0 which are associated with TE modes do not enter our analysis. This differs from the recent studies of Saito and Wurtele' 2 , 1 3 who take RF space charge fields into consideration and obtain dispersion equations which contain contributions from the negative mass instability. However, their results are restricted to the case v,=k,=O.
In our case the RF fields are then given by = ,
-i(wt-k 1 z-Z6)
-i (wt-k 11 z-2,e) Following the same procedure as we did in the Ref.
18 we obtain, after some tedious algebra, the following dispersion equation: (20)
Ro-ao
The quatities Q ,) , and DZ are given by
The dispersion equation (19) has a very rich harmonic content, and can be solved numerically by retaining several terms in the summation over n. For present purposes, we assume that the harmonics are well separated, and we investigate the stability behavior for n=0 near the resonance,
with the result that, where
We see that two waves exist: a high frequency wave and a low frequency wave.
However, when The instability growth rate is largest at this frequency w and axial wave number k 1 , as is found from a solution of the complete dispersion equation (23).
In all cases the cutoff wave number k c and the corresponding cutoff frequency W c are obtained from a solution of the equation,
obtained numerically by Muller's method. A less accurate procedure was used in our earlier publication, 1 0 where an approximate, analytic expression for wc was given.
The two-dimensional phase space plot of k 1 l versus t, obtained from Eq.
(27), is illustrated in Fig. 2(a) . The tangential interaction points are marked by the solid points. Each curve is for a different value of the energy parameter yo. For a certain value of yo, the curves reduce to a single point L -wave 1 7 wave 2. This point is marked in Fig. 2(a) by an asterisk (*). ,<<(z+N)Q, 1 , small differences in k, 1 have little effect on the growth rate. The instability growth rates are in all cases highest at the "merging point" Z=Z*, k =k*, y,=y*. 
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